The number of limit cycles of the cubic Liénard polynomial differential system of the form , ( ) ( ) x y y g x f x y     is examined, where () fx is a polynomial of degree three and ( ), gx a polynomial of degree one and two. The accurate upper bound of the maximum number of limit cycles of this Liénard differential system is obtained. By using the first order averaging theory, this system is shown to bifurcate from the periodic orbits of the linear center ,-x y y x  . The maximum number of limit cycles of the differential system is found to be unique.
Introduction
The second part of the 16 th Hilbert's problem aims to find an upper bound on the maximum number of limit cycles of the class of all polynomial vector fields with a fixed degree. This work attempts to give a partial answer to this problem for the class of Liénard polynomial differential system where () fxand () gx, are polynomials of degree , nm respectively, and by applying one of the five theorems of uniqueness from [24] (Theorem 2 of Sabatini and Villari [24] ). The classical Liénard polynomial differential system is given by In 1977 for the system (1), Lins et al. [1] stated that, if () fxhas degree 1 n  then system (1) has at most [] 2
n limit cycles. They proved this conjecture for 1, 2 n  .
The conjecture for 3 n  has been proved recently by Chengzi and Llibre in [14] . For n5  the conjecture is shown to be invalid, see De Maesschalck and Dumortier [8] and Dumortier et al. [11] . Thus it remains to be realized whether the conjecture is true or not for 4 n  .
Several conclusions on the limit cycles of polynomial differential systems have been obtained by considering a Hopf bifurcation, which are known as small amplitude limit cycles, see for instance [3] . There are partial results concerning the maximum number of small amplitude limit cycles for Liénard polynomial differential systems. Of course, the number of small amplitude limit cycles gives a lower bound for the maximum number of limit cycles of a polynomial differential system.
There are various results concerning the existence of small amplitude limit cycles for the generalized Liénard polynomial differential system (1).
( , ) H m n denotes the number of large amplitude limit cycles that system (1) can have. This number is usually called the Hilbert number for system (1) . The following is a list of previous research outputs related to ( , ) . H m n i.
In 1928, Liénard [15] proved that if 1 m  and 0 ( ) ( )
is a continuous odd function, which has a unique root at xa  and is monotone increasing for xa  , and then system (2a) has a unique limit cycle.
Cubic Liénard differential system
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ii.
In 1973, Rychkov [23] proved that if 1 m  and () Fxis an odd polynomial of degree five, then system (2a) has at most two limit cycles.
iii.
In 1977, Lins et al. [1] proved that (1, 1) 0 H  and
iv.
In 1998, Coppel [7] proved that (2,1)
Dumortier et al. in [9, 12] proved that
In 1997 Dumortier and Li [10] proved that
In 2011 Chengzi and Llibre [14] proved that
To the best of our knowledge, the determination of the number of limit cycles are obtained only for the five cases ((iii)-(vii)) of the Hilbert number for system (1) .
The maximum number of small amplitude limit cycles for system (1) is denoted byˆ( , ). H m n Blows and Lloyd [4] , Lloyd and Lynch [18] and Lynch [19] have used inductive arguments to prove the following results.
, where e g is even then ˆ( 2 , 2) H m m  Christopher and Lynch [6, 20, 21, and 22] have formulated a new method for finding the Liapunov quantities of system (1) In 1998, Gasull and Torregrosa [13] obtained the upper bounds for ˆˆˆ( 7,6) , (6,7), (7, 7) , and (4, 20 , and where ( , ) k H m n is the lower number of limit cycles which can bifurcate from the periodic orbit of a linear center.
In [17] the authors studied using the averaging theory of first and second order of the more general system - The present article investigates system (1), where the maximum number of limit cycles is obtained by using the averaging theory.
The first order averaging theory
The averaging theory for studying precisely the limit cycles in  was developed in [5] . It is summarized as follows. Consider 
Proof
It is based on the first-order averaging theory, which is presented in the previous section. Now taking  as the new independent variable, system (7) becomes 22 1 sin ( , ) ( ) ( , ) ( ),
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which is the standard form for applying the averaging theory. Then by the averaging theory it is obtained 
which is in the standard form of applying the averaging theory. Then by averaging theory, we acquire 
Use of the uniqueness theorem
In order to verify the uniqueness of the maximum number of limit cycles attained in the abovementioned theorems 3 and 4, one of the five theorems in [24] is used.
In this work the system (2a) applies theorem 2 of the five theorems in [24] , where the statement of the theorem 2 in [24] 

respectively. Thus the system (2b) has a unique maximum number of limit cycles.
Conclusion
The number of limit cycles of the cubic Liénard polynomial differential system of the form , ( (3) and (4)) are proved to accomplish this objective.
Thus an accurate upper bound of the maximum number of limit cycles of this differential system is obtained. By using the first order averaging theory, the system is shown to bifurcate from the periodic orbits of the linear center ,-x y y x  . The maximum number of limit cycles of the cubic Liénard polynomial differential system is found to be unique via the G. Sansone's uniqueness theorem [24] .
